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amplitude of a Rician distribution is averaged 
over a log-normal distribution [1]. This en-
ables the model to account for a variety of fad-
ing environments besides the scope of LMS 
links, such as the emerging device to device 
communications and small cells in the hetero-
geneous deployment of the next generation 
mobile networks [3]. The common character-
istic of these fading environments is that the 
direct LOS component is completely or part-
ly blocked by buildings, trees, hills, human 
bodies or other objects. This gives RS fading 
channel wide applications in future wireless 
communication systems. Therefore, it is quite 
necessary to carry out its full performance 
analysis and keep pace with the development 
of newly designed communication systems.

In term of this, several works on the ex-
act analysis of outage probability and co-
channel interference in RS fading channel 
have been proposed [4-7]. However, as the 
shadowing effect in Loo’s model is modeled 
by a log-normal distribution, the results in [4-
7] unanimously involve complicated integrals 
which cannot be written as known tabulated 
functions [8]. Assuming that the power of 
the LOS component follows a Nakagami 
d is t r ibut ion  ra ther  than a  log-normal 
distribution, [8] simplified the expression of 
Loo’s model and provided the closed-form ex-
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I. INTRODUCTION

The Rician shadowed (RS) fading channel 
was originally proposed by Loo to describe 
land mobile satellite (LMS) links with com-
pletely or partly blocked line of sight (LOS) 
component [1, 2]. It is a composite multipath/
shadowed fading channel model, in which the 
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2.2 Simplified proof of kummer 
transformation

Though many functions can be expressed as 
special cases of 1F1(∙), such as exponential 
function, Bessel function and error function 
[11], the incursion of 1F1(∙) forbids the closed-
form expressions for most of performance 
analysis over RS fading channel. Fortunately, 
if the shape parameters a and b are positive 
integers and a≥b, Kummer transformation 
could give out a finite series representation 
of 1F1(∙) with elementary functions and make 
the exact analysis possible. The Kummer 
transformation to present 1F1(a,b,u) as a 
finite series representation with elementary 
functions is [11]

1F1(a, b, u) = eu
a−b∑
n=0

(a − b)!
(a − b − n)!

1
n!

un

b(n)

= eu
a−b∑
n=0

Cn
a−b

un

b(n)

� (2)

where b(n) = b(b + 1)...(b + n − 1)  is the rising 
factorial and 1(n) = 1 ∗ 2 ∗ ... ∗ n = n! .

Here, by the usage of the iterative relation 
of 1F1(∙), we derive Kummer transformation in 
an alternative way and give out its graphical 
illustration which is easy of understanding 
and reveals the inner structure of Kummer 
transformation. The iterative relation we use is 
[11, 9.212-2]
1F1(a, b, u) = u

b 1F1(a, b + 1, u) + 1F1(a − 1, b, u)  

� (3)
From this equation, it can be seen that to 

determine 1F1(a,b,u), we only have to know the 
expressions of the upper-side one 1F1(a,b+1,u) 
and the left-side one 1F1(a−1,b,u), but the 
upper-side one must be multiplied by a first-
order polynomial u/b in which the constant 
depends only on the second parameter of 
1F1(a,b,u). In Figure 1, following the spirit of 
signal-flow graph, we draw out Equation (3) in 
a rectangular lattice in which the inter-section 
points present 1F1(a,b,u). The decomposition 
process presented by Equation (3) could 
be continued until the end-points reach the 
diagonal line whose expressions can be easily 
determined as 1F1(a,a,u)=eu. In case of this, 
from the start point 1F1(a,b,u) to the end points 

pressions for the probability density function 
(PDF), the moment generation function 
(MGF) and the moments of the instantaneous 
power. Thereafter, some simplified results 
have been given out [9, 10]. However, the 
inclusion of the confluent hyper-geometric 
function of the first kind in [8] still makes the 
analytical manipulation of these expressions 
usually hard. Therefore, in this paper, with 
the finite series presentation of the confluent 
hyper-geometric function of the first kind 
with positive integral shape parameters, we 
further simplify the performance analysis 
of digital communication systems over RS 
fading channel and provide some closed-form 
expressions that have not been reported by 
previous researches.

The remainder of the paper is organized as 
follows. Section II presents the finite series 
representation of RS distribution. Section III 
gives out some useful closed-form expressions 
to complete the performance analysis over 
RS fading channel. In Section IV, numerical 
results are provided to show how to apply 
the results of Section III. Finally, Section IV 
concludes the paper.

II. RICIAN SHADOWED DISTRIBUTION

2.1 PDF of the fading power

The simplified PDF of the fading power of the 
RS fading channel proposed by [8] is
p(s) =

(
2b0m

2b0m + Ω

)m
1

2b0
exp
(
− s

2b0

)
1F1

(
m, 1; sΩ

2b0 (2b0m + Ω)

)

s > 0
 

� (1)
where Ω is the average power of the LOS 
component; 2b0 is the average power of the 
scattered component; m is fading parameter 
ranging from 0 to ∞ that describes the severity 
of shadowing; for m=∞, the LOS component 
is not obstructed, causing Equation (1) revert 
to Rician PDF; for m=0 it corresponds to the 
complete obstruction of the LOS component 
and reduces to Rayleigh PDF; 1F1(a,b;u) is 
the confluent hyper-geometric function of first 
kind with parameters a and b.

In this paper, by the 
u s a g e  o f  K u m m e r 
transformation, a sim-
plified representation 
of the Rician shad-
owed fading channel 
with integral fading 
parameter is given.
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approximation of 1F1(∙) with infinite series 
summation. The second one is that elementary 
function representation with only exponential 
function and low-order polynomials is easy 
to obtain closed-form expressions than that 
of 1F1(∙). In general, with Equation (6), quite 
some closed-form expressions for the exact 
performance analysis over RS fading channel 
could be given out, which are detailed in the 
next section.

III. EXACT PERFORMANCE ANALYSIS

In this section, we mainly focus on the exact 
analysis of the CDF and the K-th order mo-
ments of the fading power, the error proba-
bility related with Gaussian Q-function, the 
channel capacity related with log-function and 
the co-channel interference over shadowed 
Rician/Rician channel. The deduction of other 
performance metrics would follow the same 
procedure of these fi ve. The general procedure 
of the deduction in this section is: 1) substitute 
the outer exponential function in Equation (6) 
into the summand and multiply it with sn, 2) 
then take the performance metrics to analyze 
into account and calculate the defi nite integrals 
involving exponential function and low-order 

along the diagonal line, we form a Pascal's 
triangle whose coefficient is equivalent as 
the binomial coeffi cient. This coeffi cient also 
presents the number of ways to reach the end-
points from the start point. Then, multiplying 
the expressions of the end-points, the number 
of ways to reach the end-points and the factors 
along the way and adding them together, we 
could easily get the expression of 1F1(a,b,u):

        1F1(a, b, u) = eu

a−b∑

n=0

Cn
a−b

un

b(n)  (4)

in which, eu is the expression of the end-points 
along the diagonal line, (a-b)+1 is the number 
of the end-points, Cn

a−b  is the number of ways 
to reach the end-points and xn/b(n) is the factor 
along the way. Obvious, Equation (4) is the 
same as that of Kummer transformation, but 
the explanation here provides us a more direct 
and intuitive way to understand and use Kum-
mer transformation.

Though Equation (3) is applicable to all 
1F1(a,b,u), as only the 1F1(a,a,u) along the 
diagonal line share the same expression eu, 
thus only when a>b, Equation (3) can simplify 
the process of Kummer transformation. When 
a<b, the methodology in [12] should be better. 
Combing these works together, the expressions 
of all 1F1(a,b,u) (a>b, a=b, a<b) with positive 
integers are obtainable. This would greatly 
simplify the performance analysis involving 
1F1(a,b,u).

2.3 Finite series representation

Now, let a=m and b=1, 1F1(m,1,u) can be 
represented as

          1F1(m, 1, u) = eu

m−1∑

n=0

Cn
m−1

un

n!  (5)

Equation (1) can be simplifi ed as

p(s) =
(

2b0m
2b0m + Ω

)m
1

2b0
exp
(
− ms

2b0m + Ω

)

×
m−1∑
n=0

Cn
m−1

(
Ω

2b0 (2b0m + Ω)

)n
sn

n!

 

 (6)
The advantages of Equation (6) over Equation 
(1) rely on two aspects. The first one is that 
finite series representation achieves more 
accurate numerical results than the truncated 

Fig.1  Iterative relation of 1F1(a,b,u) when a≥b
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received fading power, which is determined as 
[2]
Pe =

∫ ∞
0

Q
(
g
√

s
)

p(s)ds

= 1
π
∫ π/2

0

[∫ ∞
0

exp
(
− g2 s

2sin2(θ)

)
p(s)ds

]
dθ

�(9)

where g is a constant that depends on the 
specific modulation/detection combination. 

S u b s t i t u t i n g  exp
(
− ms

2b0m + Ω

)
 a n d 

exp
(
− g2 s

2sin2(θ)

)
 into the summand and multi-

plying it with ns  in Equation (6), we get

1
π
∫ π/2

0

[∫ ∞
0

sn exp
(
−
(

g2

2sin2(θ)
+ m

2b0m + Ω

)
s
)

ds
]
dθ

= n!
π
∫ π/2

0

(
sin2(θ) (2b0m + Ω) /m

sin2(θ) + (2b0m + Ω) g2/2m

)n+1

dθ

= n!
π

(
2b0m + Ω

m
)n+1 ∫ π/2

0

(
sin2(θ)

sin2(θ) + (2b0m + Ω) g2/2m

)n+1

dθ

= n!
(

2b0m + Ω
m

)n+1

Jn+1

(
(2b0m + Ω) g2

2m

)

� (10)
where Jn( ∙)  is  the function detailed in 
Appendix 5A.1 in [2]. Thus, Equation (9) can 
be simplified as

Pe =

( 2b0m
2b0m + Ω

)m−1 m−1∑

n=0

Cn
m−1

(
Ω

2b0m

)n
Jn+1

(
(2b0m + Ω) g2

2m

)

� (11)
This finite series representation is simpler 
and easier for computation than that of [13] 
which is deduced from an infinite power series 
expansion of the MGF of the fading power. 
Even when the number of diversity is 1, the 
result in [13, Eq.31] is still an infinite series.

3.4 Integrals involving the log-
function

When characterizing the performance of 
channel capacity over fading channel, the 
generic form of the expression always involves 
the log-function. The channel capacity with 
optimum rate adaptation to channel fading and 
constant transmit power is [14]

CORA = B
∫ ∞

0
log2(1 + s)p(s)ds

= Blog2(e)
∫ ∞

0
ln(1 + s)p(s)ds � (12)

Substituting exp
(
− ms

2b0m + Ω

)
 and ln(1+s) 

into the summand and multiplying it with sn in 
Equation (6), we get
∫ ∞

0

sn ln(1 + s) exp
(
− ms

2b0m + Ω

)
ds = In+1

(
m

2b0m + Ω

)

polynomials. In most of cases, the closed-form 
expressions of these definite integrals exist 
which enables the exact performance analysis 
over RS fading channel.

3.1 CDF of the fading power

the CDF of the fading power plays a central 
role in the analysis of outage probability. 
When the fading parameter m is a positive 
integer, [10, Eq-4] express the PDF and CDF 
of the fading power as Laguerre polynomials. 
Here, with Equation (6), the CDF of the fading 
power can be simplified as
P(A) =(

2b0m
2b0m + Ω

)m−1 m−1∑
n=0

Cn
m−1

n!

(
Ω

2b0m

)n
γ
(
n + 1, mA

2b0m + Ω

)

� (7)
where γ(∙,∙) is the lower incomplete Gamma 
function. This is the direct result of the definite 
integral in [11, 3.351-1]. Obviously, Equation 
(7) is easier to calculate than that of [10].

3.2 K-th order moments of the 
fading power

The moments of the fading power could not 
only be used to make data fitting and parame-
ters estimation, but also can be used to evalu-
ate the amount of fading (AF) which is defined 
as AF=var[s]/(E[s])2 [2]. Therefore, it is still 
necessary to calculate the K-th order moments 
of the fading power, which is determined as
E (sK) =

∫ ∞
0

sK p(s)ds

=

(
m

2b0m + Ω

)m−K−1

(2b0)
m−1

m−1∑
n=0

Cn
m−1 (n + K)!

n!

(
Ω

2b0m

)n

� (8)
This is the direct result of the definite 
integral in [11, 3.351-3]. This finite series 
representation is simpler and easier for 
computation than that of [8] which is given as 
a function of the Gauss hyper-geometric func-
tion 2F1(∙).

3.3 Integrals involving the gaussian 
Q-function

The symbol error probability (SEP) of 
communication systems over AWGN channel 
always involves Gaussian Q-function. The 
SEP over fading channel is the conditional 
average of the SEP of AWGN channel over the 
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∫ ∞
0

sI p0(λsI)pI(sI)dsI =

(
2b0m0

2b0m0 + Ω0

)m0

1
2b0
×

m0−1∑
n=0

Cn
m0−1

(
Ω0

2b0 (2b0m0 + Ω0)

)n

λn

n!
∫ ∞

0
sI

n+1 exp
(
− m0λsI

2b0m0 + Ω0

)
pI(sI)dsI

� (17)

The inner integral of Equation (17) is equal 
to the (n+1)th derivative of the MGF MsI

(u)  
of pI(sI) evaluated at −λm0/2b0m0 + Ω0. When 
the interfering signals are mutually indepen-
dent, the MGF MsI

(u)  of pI(sI) could be easily 
deduced as [8]

MsI
(u) =

K∏

k=1

Msk
(u),Msk

(u) =
(1 − 2bku)mk−1

(1 − (2bk + Ωk/mk) u)mk

� (18)
Where Msk

(u)  is the MGF of Rician shad-
owed distribution. Though the closed-form 
expression of the (n+1)th derivative of MsI

(u)  
definitely exists and easy of calculation, it is 
still hard to write it explicitly with the general 
undefined parameters. In practice, once the 
parameters mk,Ωk,bk,k=0,..,K are determined, 
the above deduction process could be fully 
calculated, and then the exact closed-form ex-
pression of Equation (16) could be given out.

Reversing the deduction process from 
Equation (15) to Equation (18), we could 
give out the work process to deduce the exact 
analysis of the outage probability of co-chan-
nel interference in shadowed Rician/Rician 
channel with integral fading parameter. That 
is: 1) Find the MGF MsI

(u)  of pI(sI) and its 
n+1th derivative dn+1 MsI

(u)/dun+1 ; 2) Evaluate 
dn+1 MsI

(u)/dun+1  at −m0λ/2b0m0+Ω0 and find 
the inner integral of Equation (18); 3) Find the 
outer integral of Equation (18) and get the out-
age probability. The advantage of this process 
is that the multiple operation and differential 
operation involved are easier to calculate than 
the complex integrals in [6, 7, 9, 10].

In general, this section provides some use-
ful expressions to carry out exact performance 
analysis over RS fading channel with integral 
fading parameter.

� (13)

w h e r e  In (µ) = (n − 1)!eµ
n∑

k=1

Γ(−n + k, µ)
µk  

[2, 15 B.7]. Thus, Equation (12) can be 
determined as

CORA =

(
2b0m

2b0m + Ω

)m Blog2(e)
2b0

×
m−1∑
n=0

Cn
m−1

(
Ω

2b0 (2b0m + Ω)

)n
1
n! In+1

(
m

2b0m + Ω

)

� (14)
The finite series presentations of Equation 
(12) share the same advantage as Equation 
(11). Furthermore, as the channel capacity 
with optimum power and rate adaptation COPRA 
and the channel capacity when the transmitter 
adapts its power to maintain a constant signal 
to noise ratio (SNR) at the receiver CCIFR 
can be obtained in the same way as that of 
Equation (12), here we omit it deliberately.

3.5 Co-channel interference over 
shadowed Rician/Rican channel

The CDF of the fading power in III-3.1 could 
be used to calculate the outage probability 
over RS channel with no interferes. It is still 
necessary to consider the case of multiple 
interferes. Let the instantaneous power in the 
desired signal and the K interfering signals be 
denoted as s0 and sk,k=1,...,K, respectively. For 
a specified protection ratio λth, the probability 
of outage is [15]

OI = P (λ < λth) = P

s0 < λth

K∑

k=1

sk

� (15)

w h e r e  λ = s0/sI, sI =

K∑

k=1

sk .  Wi t h  t h e 

equation to derive the PDF of the ratio of two 
random variables [16], Equation (15) is equiv-
alent as

OI =

∫ λth

0

[∫ ∞

0

sI p0(λsI)pI(sI)dsI

]
dλ � (16)

where p0(∙), pI(∙) are the PDF of s0 and sI; 
and since the desired signal and the interfering 
signals are mutually independent, p(s0,sI)=p0(∙)
pI(∙). With Equation (6) and substituting only 
the simplified representation of p0(∙) into 
Equation (16), the inner integral can be de-
scribed as
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IV. NUMERICAL RESULTS

In this section, numerical results are provided 
to show how to apply the results of the previ-
ous section.

4.1 CDF and amount of fading

Figure 2 shows the CDF of the fading power 
in Equation (7). It says that the increased pow-
er of LOS component Ω would decrease the 
outage probability of the receiving power. The 
increase of fading parameter m may not have 
this direct improvement. At low SNR region 
(Ω is small), increased m induces decreased 
outage probability. While at high SNR region 
(Ω is large), it reverses. This is because that 
when SNR is low, the un-ignorable scattering 
component would to some extents compensate 
the loss of the LOS component. While when 
SNR is high, partly block would always mean 
great power loss of LOS component which 
may not be compensated by the scattering 
component.

Figure 3 shows the AF of the receiving 
power. The increase of Ω and m decrease the 
AF which implies the reduction of the outage 
probability. This in return supports the conclu-
sions drawn from Figure 2.

4.2 Symbol error probability

Table I shows the modulation types whose 
SEPs can be represented or approximated as 
the function of Gaussian Q-function. In Figure 
4, we take the binary orthogonal signaling as 
an example to show the infl uence of Ω, m and 
b0 on SEP. It shows that the increase of Ω and 
m would decrease the SEP, while the increase 
of b0 would increase the decreasing rate of 
the SEP. These curves unanimously intercross 
with the SEP curve of AWGN channel. At low 
SNR region, the SEP of RS channel is lower 
than that of AWGN channel. With the increase 
of SNR, it becomes larger than that of AWGN 
channel. This mainly depends on whether the 
scattering component can compensate the 
power loss of the LOS component at high 
SNR region, which has been seen from Figure 
2. The SEP of other modulation types can be 
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Fig.2  CDF of the fading power

Fig.3  Amount of the fading

Table I  Modulation types whose SEP for involves Gaussian Q-function [17]
Modulation type SEP

Binary orthogonal signaling Q
(√
εb

N0

)

Binary antipodal signaling Q
(√

2εb

N0

)

PAM (large M) 2Q



√
6log2 M
M2 − 1

εbavg

N0



PSK (large M) 2Q



√
2π2log2 M

M2

εbavg

N0



QAM 2
(
1 − 1√

M

)
Q



√
3log2 M
M − 1

εbavg

N0


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series expansion of the RS distribution. These 
works would achieve wide applications 
with the deployment of the device to device 
communications and small cells in future het-
erogeneous networks. The future extensions 
might concern the multiple input multiple 
output (MIMO) channel cases, as three 
dimensional MIMO and massive MIMO [3] 
have been widely considered in future LTE 
networks.

analyzed in the same way.

4.3 Ergodic capacity

The channel capacity with optimum rate 
adaptation to channel fading and a constant 
transmit power illustrated by Equation (14) is 
shown in Figure 5. From these curves, similar 
conclusions as that of Figure 2 and Figure 4 
can be drawn.

4.4 Outage probability

Suppose the channel parameters of the K 
interferes are same and mi=2, bi=0.1, Ωi=1, 
i=1,...,K, the MGF of K addictive interfering 
signals can be presented explicitly as

  MsI
(u) =

(
1 − 0.2u

(1 − 0.7u)2

)K
 (19)

In addition, if we set the channel parameters 
of the desired signal m0=2, b0=0.1, Ω0=[1,10], 
with these predefi ned channel parameters and 
the work process in III-3.5, the outage proba-
bility of co-channel interference can be easily 
analyzed. In Figure 6, it shows that the num-
ber of interferes has more signifi cant infl uence 
on the outage probability than that of the pow-
er of desired signal.

In general, this section provides some nu-
merical results to show the successful appli-
cations of the results of previous section. This 
allows engineers not only the closed-form ex-
pressions for exact performance analysis over 
RS fading channel, but also the insights on the 
system design tactics.

V. CONCLUSIONS

With the finite series expansion of the RS 
distribution with elementary functions, we 
deduce some useful closed-form expressions 
for exact performance analysis of digital com-
munication systems over RS fading channel. 
These expressions can be used to deduce 
the outage probability, amount of fading, 
error probability and channel capacity of the 
RS channel. We also present an alternative 
way to understand the essence of Kummer 
transformation, which is the core of the fi nite 

Fig.4  SEP of binary orthogonal signaling
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