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Abstract—In this paper, we propose a new shadowed Rice
model for land mobile satellite channels. In this model, the
amplitude of the line-of-sight is characterized by the Nakagami
distribution. The major advantage of the model is that it leads
to closed-form and mathematically-tractable expressions for the
fundamental channel statistics such as the envelope probability
density function, moment generating function of the instantaneous
power, and the level crossing rate. The model is very convenient for
analytical and numerical performance prediction of complicated
narrowband and wideband land mobile satellite systems, with
different types of uncoded/coded modulations, with or without di-
versity. Comparison of the first- and the second-order statistics of
the proposed model with different sets of published channel data
demonstrates the flexibility of the new model in characterizing a
variety of channel conditions and propagation mechanisms over
satellite links. Interestingly, the proposed model provides a similar
fit to the experimental data as the well-accepted Loo’s model but
with significantly less computational burden.

Index Terms—Average fade duration, channel modeling, diver-
sity, interference, land mobile satellite systems, level crossing rate,
Loo’s model, Nakagami model, performance evaluation, Rice
model, satellite channels, shadowed Rice model.

I. INTRODUCTION

L AND mobile satellite (LMS) systems are an important part
of the third and fourth generation of wireless systems. The

significance of such systems is rapidly growing for a variety of
applications such as navigation, communications, broadcasting,
etc. LMS systems provide services which are not feasible via
land mobile terrestrial (LMT) systems. As a complement to
LMT systems, LMS systems are able to serve many users over
a wide area with low cost. For extensive surveys on different as-
pects of LMS systems and services, see [1] and [2].

The quality of service provided by LMS systems strongly de-
pends on the propagation channel between the satellite and the
mobile user. As such, an accurate statistical model for the LMS
channel is required for calculating fade margins, assessing the
average performance of modulation and coding schemes, ana-
lyzing the efficiency of communication protocols, and so on.
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Similar to the LMT channels, a simple yet efficient model for
wideband LMS channels is the tapped delay line model [3], [4],
where each tap is described by a narrowband model. Hence, in
this paper, we mainly focus on narrowband models, which are
the basic building blocks of wideband models.

Generally speaking, the available statistical models for nar-
rowband LMS channels can be placed into two categories:single
models andmixturemodels. In a single model, the channel is
characterized by a single statistical distribution, while a mixture
model refers to a combination (weighted summation) of several
statistical distributions. Single models are valid for stationary
conditions, where the channel statistics remain approximately
constant over the time period of interest in a small area. On the
other hand, the mixture models are developed for nonstationary
channels, where the signal statistics vary significantly over the
observation interval in large areas. In Tables I and II, a list of
the proposed single and mixture models for narrowband LMS
channels are given, respectively. To understand the details
of the single models of Table I, we need to provide a brief
overview of the mechanism of random fading in LMS channels.

The random fluctuations of the signal envelope in a narrow-
band LMS channel can be attributed to two types of fading:
multipath fading and shadow fading [5]. We further divide the
shadow fading into the line-of-sight (LOS) shadow fading and
multiplicative shadow fading. Notice that the multipath compo-
nents consist of a LOS component and many weak scatter com-
ponents. In an ideal LMS channel without any type of fading,
where there is a clear LOS between the satellite and the land
user, without any obstacle in between, hence, no scatter compo-
nent, the envelope is a nonrandom constant (at a given instant
of time). Due to multipath fading, caused by the weak scatter
components propagated via different non-LOS paths, together
with the nonblocked LOS component, the envelope becomes a
Rice random variable. LOS shadow fading comes from the com-
plete or partial blockage of the LOS by buildings, trees, hills,
mountains, etc., which in turn makes the amplitude of the LOS
component a random variable. On the other hand, multiplicative
shadow fading refers to the random variations of the total power
of the multipath components: both the LOS and scatter compo-
nents. These definitions clearly describe the statistical structures
of the single models in Table I. Notice that the structures of the
models of [8] and [9] are slightly different from the others in
Table I. The first model generalizes the model of Corazza and
Vatalaro [7] by including an extra additive scatter component,
while the second model extends Loo’s model of [6] by assuming
that the power of the scatter components in Loo’s model is a
lognormal variable, independent of the LOS component. The
first-order statistics of Loo’s model and the model of Corazza
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TABLE I
LIST OF THEPROPOSEDSINGLE MODELS FORNARROWBAND SATELLITE CHANNELS

TABLE II
LIST OF THE PROPOSEDMIXTURE MODELS FOR

NARROWBAND SATELLITE CHANNELS

and Vatalaro, i.e., the probability density function (PDF) and
the cumulative distribution function (CDF) of the envelope, are
discussed in [6] and [7], respectively. For the second-order sta-
tistics, the level crossing rate (LCR) and the average fade du-
ration (AFD) of the envelope, see [13] and [14], respectively.
Notice that the second-order statistics of Loo’s model and the
model of Corazza and Vatalaro, given in [6] and [15], respec-
tively, are approximate results. In [8], [9], [11], and [12], only
the first-order statistics of the models are discussed, while in
[10], just the second-order statistics are studied.

Each mixture model in Table II is composed of at least two
distributions, where each distribution corresponds to a particular
stationary channel state. The models of [16], [17], and [21] have
two distributions, while those of [18], [19], and [20] consist of
three distributions.

Now, let us define a shadowed Rice model as a Rice model
in which the LOS is random. Among the proposed models for
LMS channels, the shadowed Rice model proposed originally by
Loo [6] has found wide applications in different frequency bands
such as the UHF-band [24], L-band [22], [24], S-band [23], and

Ka-band [24]. In Loo’s model, the amplitude of the LOS compo-
nent is assumed to be a lognormal random variable. However, as
discussed in [25], theapplicationof the lognormaldistribution for
characterizing shadow fading most often results in complicated
expressions for the key first- and second-order channel statistics
such as the envelope PDF and the envelope LCR, respectively.
Analytic manipulation of those expressions is usually hard, as
theycannotbewritten in termsofknownmathematical functions.
This, in turn, makes data fitting and parameter estimation for the
lognormal-based models a complex and time-consuming task.
Performanceevaluation of communicationsystemssuchas inter-
ferenceanalysis or calculation of the average bit-error rate (BER)
for single and multichannel reception is even much more difficult
for the lognormal-based models, as sometimes, even the numer-
ical procedures for these models fail to give the correct answer.

On the other hand, as conjectured in [25], application of the
gamma distribution, as an alternative to the lognormal distribu-
tion, can result in simpler statistical models with the same per-
formance for practical cases of interest. In this paper, we assume
the power of the LOS component is a gamma random variable.
Since the square root of a gamma variable has Nakagami distri-
bution [26], this means that we are modeling the amplitude of
the LOS component with a Nakagami distribution. As we will
see in the sequel, a Rice model with Nakagami-distributed LOS
amplitude constitutes a versatile model which not only agrees
very well with measured LMS channel data but also offers sig-
nificant analytical and numerical advantages for system perfor-
mance predictions, design issues, etc.

The rest of this paper is organized as follows. In Section II, the
first-order statistics of the proposed model, such as the envelope
PDF, moments, and the moment generating function (MGF) of
the instantaneous power are derived. A connection between the
parameters of Loo’s model and our model is also established.
Section III is devoted to the derivation of second-order statistics
of the proposed model, i.e., the LCR and AFD. In Section IV,
the first- and the second-order statistics of the proposed model
are compared with published measured data. Finally, the paper
concludes with a summary given in Section V.
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II. FIRST-ORDER STATISTICS OF THENEW MODEL

According to the definition of the scatter and LOS compo-
nents provided earlier, the lowpass-equivalent complex enve-
lope of the stationary narrowband shadowed Rice single model
can be written as ,

, where is the stationary random phase process
with uniform distribution over , while is the determin-
istic phase of the LOS component. The independent stationary
random processes and , which are also independent of

, are the amplitudes of the scatter and the LOS components,
following Rayleigh and Nakagami distributions, respectively

(1)

where is the average power of the scatter compo-
nent, is the gamma function,
is the Nakagami parameter with as the variance, and

is the average power of the LOS component. The reader
should notice that in the traditional Nakagami model for multi-
path fading [26], changes over the limited range of ,
while here we allow to vary over the wider range of .
This enables the Nakagami PDF to model different types of LOS
conditions in a variety of LMS channels [5]. For , we have

, with as the Dirac delta function, which cor-
responds to urban areas with complete obstruction of the LOS.
The case of is associated with suburban and rural
areas with partial obstruction of the LOS. For , we have

, which corresponds to open areas with no
obstruction of the LOS. Of course, the extreme cases of
and cannot be met in practice, and in real-world situa-
tions, we expect nonzero small and finite but large values of
for urban and open areas, respectively. The moderate values of

corresponds to suburban and rural areas.
Let us define the envelope as . Using the same

notation as [6], the shadowed Rice PDF for the signal envelope
in an LMS channel can be written as

(2)
where is the expectation with respect to, and is
the th-order modified Bessel function of the first kind. Notice
that conditioned on , the argument of the expectation in (2) is
nothing but the Rice PDF. By calculating the expectation of (2)
with respect to the Nakagami distribution of (1) using [27], and
after some algebraic manipulations, we obtain the new envelope
PDF

(3)

where is the confluent hypergeometric function
[28]. For , (3) simplifies to the Rayleigh PDF in (1), i.e.,

, while for , it reduces to the Rice
PDF . On the other
hand, in Loo’s model [6], the LOS amplitude is assumed to
follow the lognormal distribution

(4)

where and . In contrast with Loo’s
PDF, which includes an infinite-range integral, the new PDF has
a compact form in terms of the tabulated function ,
also available in standard mathematical packages such as Math-
ematica, for both numerical and symbolic operations. See [29]
for more details on the numerical computation of .
Using [27], the moments of the proposed PDF can be shown to
be

(5)

where is the Gauss hypergeometric function [28],
which is also available in Mathematica.

By definition, is the instantaneous power, and
its PDF can be derived from (3) as1

(6)

As demonstrated in [34], the moment-generating func-
tion (MGF) of the instantaneous power, defined by

, , plays a key role in cal-
culating the BER and the symbol-error rate (SER) of different
modulation schemes over fading channels. In our model, the
MGF of , with the help of [27], can be shown to be

(7)

The simple mathematical form of the above MGF in the
new model entails straightforward performance evaluation
procedures for several modulation schemes of interest (with
and without diversity reception). On the other hand, the MGF
of in Loo’s model can be expressed at most in terms of an
infinite-range integral or a double infinite sum [35]. Since
the numerical manipulation of both representations of Loo’s
MGF is time consuming, several approximate expressions are
proposed for different cases [35].

1At the time of writing this paper, we discovered that the PDF in (6) is also
used for the analysis of radar signals [30]. Some extensions of (6) are discussed
in [31] and [32], in the contexts of radar and noise theory, respectively. In the
area of statistical distribution theory, a natural generalization of (6) is given in
[33].
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Before concluding this section, we establish a useful connec-
tion between the parameters of the new model and Loo’s model.
With as a positive real number, it is easy to show that
for Nakagami and lognormal PDFs in (1) and (4) can be written
as

(8)

(9)

where , and are the psi function and
its derivatives, respectively [28]. The absolute values of the psi
function and its derivatives converge to zero very fast asin-
creases. By second-order matching of the two expressions in (8)
and (9), the following relationship between the two sets of pa-
rameters and can be established:

(10)

(11)

For a given , the corresponding can be easily obtained by
solving (11) numerically. The value of can be calculated by
inverting (10), which yields .

As we will see later, Loo’s distribution and our distribution
closely match, if one computes our parameter set
from Loo’s parameter set using the relations in (10)
and (11).2 This is particularly useful when we wish to apply the
new model with unknown parameters to a set of data collected
previously, but the measured data is not available for param-
eter estimation, or we may not want to go through the time-con-
suming procedures of parameter estimation. In these cases, the
parameters of our model can be obtained from the estimated
Loo’s parameters, using (10) and (11).

III. SECOND-ORDER STATISTICS OF THENEW MODEL

The envelope LCR, which is the rate at which the envelope
crosses a certain threshold, and the envelope AFD, which is
the length of the time that the envelope stays below a given
threshold, are two important second-order statistics of fading
channels, which, for example, carry useful information about
the burst error statistics [36]. Therefore, for different system
engineering issues such as choosing the frame length for coded
packetized systems, designing interleaved or noninterleaved
concatenated coding methods [36], optimizing the interleaver
size, choosing the buffer depth for adaptive modulation schemes
[37], and throughput estimation of communication protocols
[38], we need to calculate the envelope LCR and AFD of
the fading model of interest. In particular, the LCR and AFD
calculation techniques should also work for diversity systems,
which have proven to be useful in combating the deleterious
effects of fading. In what follows, we develop a characteristic
function (CF)-based formula [39] for the envelope LCR of our

2Notice thatb is the same in both models.

shadowed Rice model, as the traditional PDF-based approach
seems to be intractable, particularly for multichannel reception.

Let us define the envelope LCR as the average
number of times that crosses the given threshold with
negative slope, per unit time. For mathematical convenience,
we first derive an expression for , with as the
instantaneous power threshold. The envelope LCR can be
easily obtained according to .

It is shown in [39] that the LCR of , corresponding to the
threshold , can be obtained by

(12)

where is the time derivative of , and is
the joint CF of and , defined by . It
is shown in the Appendix that for our proposed model, the joint
CF can be found in the following closed-form expression

(13)

in which . The parameter ,
, is the th spectral moment of the scatter component

of the complex envelope , defined by ,
where
is the autocovariance of . The parameter in (13) is the
average power of the time derivative of , de-
fined by [40], where

is the
normalized autocovariance of and prime represents differ-
entiation with respect to . As expected, in (13)
matches the MGF given in (7), while as and

(time-invariant nonrandom LOS with amplitude ),
in (13) converges to the corresponding result for

the Rice fading model, given in [39], i.e.,
. By substituting (13) into (12), and, conse-

quently, can be calculated numerically, using a stan-
dard mathematical package such as Mathematica. Notice that
the bivariate CF in (13) plays the same role as the
univariate MGF in (7), as it allows straightforward LCR
calculation in diversity systems.

So far, we have calculated the LCR of the new LMS model
for the general case in which the maximum Doppler frequency
of the LOS component , which is the bandwidth of ,
is not negligible. However, empirical observations have shown
that the rate of change of the LOS component (several Hertz)
is significantly less than that of the scatter component (several
hundred Hertz) [22]. In other words, , where

is the maximum Doppler frequency of the scatter com-
ponent. Roughly speaking, this implies that , i.e., over
the observation interval we have , a random variable
and not a random process. Under this condition, we have ,
which simplifies (13) drastically to

(14)
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On the other hand, under the assumption of
, it is possible to proceed with the PDF-based approach and

derive a closed-from solution for the LCR of the new model. In
fact, by averaging [41, eqs. (4.13), (4.14)] with respect to the
Nakagami-distributed LOS amplitude, we obtain

(15)

where , , and

(16)

With , the numerical results of (12) and (15) are exactly
the same, as expected. Nevertheless, (12) can be easily applied
to diversity systems, while (15) only holds for single antenna
receivers, and its extension to diversity receivers seems to be
intractable.

The CF-based approach for the LCR of Loo’s model is not
so convenient, as in Loo’s model takes an integral
form, much more complicated than the closed-form expression
of our model in (13). For a slowly varying LOS, the following
result is derived in [13] for Loo’s LCR, using the PDF-based
approach

erf

(17)

where is the hyperbolic cosine, erf
is the error function, and

(18)

For any fading model, the envelope AFD is the av-
erage time period over which stays below a given threshold

per unit time. Hence, ,
where for the new model is given in (3).

IV. COMPARISONWITH PUBLISHED MEASUREMENTS

A. First-Order Statistics

First, we consider two sets of published Loo’s parameters
[6], [42], estimated from data collected in Canada.

These parameter values are listed in Table III, together with the
parameters of the proposed model, computed using
(10) and (11). The parameters of the first three rows of Table III
were originally reported in [6], while the fourth row is taken

TABLE III
LOO’S PARAMETERS[6], [42], AND THE CORRESPONDINGPARAMETERS OF THE

NEW MODEL, CALCULATED FROM (10) AND (11)

Fig. 1. Complementary CDF of the signal envelope in a land mobile satellite
channel in Canada, under different shadowing conditions. Measured data [6],
Loo’s model [6], and the proposed model.

from [42]. Loo’s parameters for light, average, and heavy shad-
owing conditions, listed in the first, second, and fourth rows
of Table III, have been used in several studies such as [35]
and [42]–[45], for system simulation, analysis, and performance
prediction purposes. As we expect from the theory,values in
Table III decrease as the amount of shadowing increases from
light to average and then to heavy. This empirical observation
verifies the key role of the Nakagami parameter in our model,
discussed at the beginning of Section II, in modeling different
types of shadow fading conditions.

In Fig. 1, we have reproduced Fig. 1 of Loo’s original paper
[6], using the parameters of the first three rows of Table III. The
experimental data points of this figure have also been used by
others [7], [9] to verify their models. In Fig. 1, we have plotted
the envelope complementary CDFs (CCDFs), , for
Loo’s PDF and our PDF, together with the empirical data points.
Interestingly, all of Loo’s curves and our curves are almost in-
distinguishable, and both are close enough to the measured data,
for different cases and channel conditions. These empirical re-
sults indicate the utility of our model for LMS channels. Also
note the usefulness of the parameter transformation rules given
in (10) and (11), which gives almost perfect match between
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Fig. 2. Complementary CDF of the signal envelope in different land mobile
satellite channels in the United States and Japan. Loo’s model [17], [18] and the
proposed model.

Loo’s CCDFs and ours. The CCDFs for average shadowing in
the fourth row of Table III are not included in Fig. 1 to leave the
other curves readable. However, as demonstrated in Fig. 2 of our
previous paper [46], Loo’s model and ours perfectly match for
this case as well.

As shown in Table II, Loo’s model is also incor-
porated in the structure of several mixture models,
including the Barts–Stutzman model [17] and the model
of Karasawa et al. [18]. These models can be signif-
icantly simplified if we replace Loo’s model with the
new model. In [17, Figs. 1, 2, 6], four sets of parameters

dB dB dB are given, measured in the United States
at different frequency bands and elevation angles. The corre-
sponding Loo’s parameters are listed in Table IV, computed
according to , dB ,
and dB . On the other hand, based on
the experiments conducted in Japan, one set of parameters

dB dB dB is given in [18, Tab. 1], where
, dB , and

dB . These values are listed in Table IV
as well. Corresponding to all these Loo’s parameters, the
parameters of the new model are calculated using (10)
and (11). Based on the parameters of Table IV, in Fig. 2, we
have plotted the envelope CCDFs for Loo’s model and our
model. The close agreement between the two models, which is
depicted in Fig. 2 over a wide range of signal levels, for several
different sets of data collected at different places, frequency
bands, and elevation angles, is excellent. This strongly supports
the application of the proposed model for LMS channels, as a
simple alternative to Loo’s model. Again we draw the attention
of the readers to the key role of the parameter mapping rules
in (10) and (11), which allow us to conveniently use the
experimental results published in the literature, to calculate the
parameters of the new model.

As discussed in [7], a LMS channel model should be appli-
cable for a wide range of elevation angles, under which the satel-
lite is observed. One way of incorporating the effect of the eleva-

tion angle in a statistical LMS channel model is to derive empir-
ical expressions for the parameters of the envelope PDF in terms
of the elevation angle [7]. To demonstrate this procedure for our
model, we have considered the experimental data published in
[47], also used in [7], and have derived the following relation-
ships by fitting polynomials over the range :

(19)

The proposed PDF in (3), in conjunction with the above equa-
tions, compose a hybrid statistical/empirical model. The empir-
ical and the theoretical CCDFs of the new model are plotted in
Fig. 3 for different elevation angles.

B. Second-Order Statistics

Now we compare the LCR and the AFD of the new model
with the published data in [6], assuming a slowly varying LOS,
i.e., . Since the data of [6] are taken by a single antenna,
we use (15) for calculating the LCR of the new model. The
AFD can be obtained by dividing the integral of (3) by the LCR.
To calculate the LCR, we need a model for , which is the
autocovariance of the complex envelope . The spectral mo-
ments, then can be computed according to .
In this paper, we consider the nonisotropic scattering cor-
relation model

, where is the
mean direction of the angle of arrival (AOA) in the horizontal
plane, and is the width control parameter of the AOA
[48]. This correlation model is a natural generalization of the
Clarke’s isotropic scattering model [48]. In fact, for ,

reduces to , which is a common
correlation model for satellite channels [49], where is
the zero-order Bessel function of the first kind. It is easy
to verify that and

.
To compare the LCR of the new model with the data pub-

lished in [6], we took the parameters for the light
and heavy shadowing conditions from Table III. By substituting
the above spectral momentsand into (15) and minimizing
the squared error between and the empirical
normalized LCR data points of [6], we then obtained estimates
of and for both cases, i.e., for light
shadowing and for heavy shadowing. As
shown in Fig. 4, the LCR of the proposed model is close enough
to the measured data. Using the parameters from
Table III and the same as above, the LCR of Loo’s model
in (17) is also plotted in Fig. 4 for both light and heavy shad-
owing conditions. Similar to the very close match between the
CCDFs of the two models in Fig. 1, the LCR of both models are
nearly identical. As expected, we have the same situation for the
AFD of both models in Fig. 5. Therefore, the parameter mapping
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TABLE IV
LOO’S PARAMETERS [17], [18], AND THE CORRESPONDINGPARAMETERS

OF THE NEW MODEL, CALCULATED FROM (10) AND (11)

Fig. 3. Complementary CDF of the signal envelope in a land mobile satellite
channel for different elevation angles. Measured data [47] and the proposed
model.

Fig. 4. Level crossing rate of the signal envelope in a land mobile satellite
channel with light and heavy shadowing. Measured data [6], Loo’s model [13],
and the proposed model (see Table III for the parameter values).

Fig. 5. Average fade duration of the signal envelope in a land mobile satellite
channel with light and heavy shadowing. Measured data [6], Loo’s model [13],
and the proposed model (see Table III for the parameter values).

rules given in (10) and (11) work well for the second-order sta-
tistics, as well as the first-order statistics.

To observe the utility and flexibility of the proposed model in
LMS system analysis, see [46], [50], and [51], where three types
of system performance evaluation are studied in detail: BER
calculation of uncoded and coded modulations with diversity
reception, interference analysis of LMS systems, and the LCR
after diversity combining.

V. CONCLUSION

In this paper, a new Rice-based model is proposed for land
mobile satellite channels, in which the amplitude of the line-of-
sight is assumed to follow the Nakagami model. We have shown
that this new model has nice mathematical properties; its first-
and second-order statistics can be expressed in exact closed
forms, and is very flexible for data fitting, performance evalua-
tion of narrowband and wideband land mobile satellite systems,
etc. Moreover, we have demonstrated that the proposed model
fits very well to the published data in the literature, collected
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at different locations and frequency bands. A connection is also
established between the parameters of the proposed model and
those of the Loo’s model, which is a model widely used for satel-
lite channels. Based on this connection, the parameters of the
new model can be easily derived from the estimated parameters
of Loo’s model reported in the literature. This obviates the task
of parameter estimation for the new model in cases where esti-
mated Loo’s parameters are available. We have also shown that
the parameters of the proposed model can be related to the el-
evation angle. This allows the application of the model over a
wide range of elevation angles.

APPENDIX

JOINT CF OF THE INSTANTANEOUS POWER

AND ITS DERIVATIVE

Consider the narrowband stationary shadowed Rice model
, with , ,

and as independent stationary Rayleigh, uniform, and
Nakagami processes. In this Appendix, we derive an expres-
sion for , the joint CF of and , defined by

, where
is the instantaneous power. Since the value ofdoes not
affect the envelope characteristics, we assume to
simplify the notation, without loss of generality. Let us
define the inphase and quadrature components of as

and . It
is easy to verify that and are stationary
zero-mean correlated Gaussian processes, with the autocorre-
lation function and the cross correlation function

[26], where and denote the real and
imaginary parts, respectively. Clearly, the time derivative of

and are stationary zero-mean correlated
Gaussian processes as well, since differentiation is a linear
operation. Hence, for a fixed instant of timeand conditioned
on and , the vector , with as
the transpose operator, is a Gaussian vector with the following
mean vector and covariance matrix

(A.1)

The elements of the covariance matrix are taken from
[41, Appendix II]. Let us define as

(A.2)

Based on the identities and
, it is easy to verify that

.

Since it is conditioned on and , the scalar variable
is a quadratic form of Gaussian variables, and we

can use the result given in [52] to calculate its characteristic
function as

(A.3)

where is the determinant andis the identity matrix. For
and by substituting and from (A.1) into (A.3), and

after some algebraic manipulations, we obtain

(A.4)

where . As demonstrated
in [40], and are independent variables. The Nakagami
PDF of is given in (1). For the Gaussian PDF of, we
have , where

, with such that . By
averaging in (A.4) with respect to and ,
we eventually obtain (13).
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